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Abstract—The drive toward the implementation and massive
deployment of wireless sensor networks calls for ultralow-cost and
low-power nodes. While the digital subsystems of the nodes are
still following Moore’s Law, there is no such trend regarding the
performance of analog components. This work proposes a fully
integrated architecture of both digital and analog components
(including local oscillator) that offers significant reduction in cost,
size, and overall power consumption of the node. Even though
such a radical architecture cannot offer the reliable tuning of stan-
dard designs, it is shown that by using random network coding, a
dense network of such nodes can achieve throughput linear in the
number of channels available for communication. Moreover, the
ratio of the achievable throughput of the untuned network to the
throughput of a tuned network with perfect coordination is shown
to be close to 1 /e. This work uses network coding to leverage the
fact that throughput equal to the max-flow in a graph is achievable
even if the topology is not know a priori. However, the challenge
here is finding the max-flow of the random graph corresponding
to the network.

Index Terms—Network coding, sensor networks, untuned ra-
dios.

1. INTRODUCTION

HE emerging field of wireless sensor networks has be-
come a very active area of both academic research [1]-[4]
and industrial development [5]-[9]. The potential scenarios for
use of sensor networks are far ranging. Some of the near-term
applications include monitoring the structural integrity of build-
ings and bridges [10], environmental control within living and
working spaces [11], habitat monitoring in animal sanctuaries
[12], highway traffic control [13], and warehouse inventory
tracking [14]. The potential applications that are being consid-
ered in the long-term include such science-fiction-like concepts
as smart surfaces that can respond to contact or serve as a
communication backplane, as well as airplane wings that can
provide real-time monitoring of and alerts regarding the state
of every square centimeter of the wing surface. It may even be
possible to eventually produce sensor nodes small enough to be
inserted into the blood-stream to provide real-time diagnostics
of factors such as blood pressure, blood flow, glucose and
insulin levels, etc.
To make such deployments economically and technologically
feasible, it is necessary to drastically reduce the cost, size and
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energy consumption of the nodes available today. Moore’s Law
still provides for exponential reduction of these metrics over
time when it comes to the digital components that comprise the
memory, computation and coding of the nodes. However, there
is no equivalent trend to Moore’s Law that applies to the analog
components needed for the radios that enable the nodes to com-
municate with one another. This work introduces an architecture
for the analog radios that is expected to reduce the cost, size and
energy consumption of the nodes by an order of magnitude. In
fact, the proposed architecture can allow the energy consump-
tion of the nodes to be so low that they could be fully powered
by energy scavenged from the environment [15]. The penalty
for using such a radical architecture is that the radios become
untuned and it is no longer possible to guarantee that any arbi-
trary pair of nodes will be able to communicate with each other.
Instead, it becomes necessary to rely on the density of nodes to
make the overall network capable of providing reliable commu-
nication.

Narrowband radios have proven to be the architecture of
choice for low-power applications [6], [7], [16], as they are low
in complexity and consume less power than spread spectrum
or other wide-band techniques. One fundamental requirement
of narrowband radios is that the transmitter’s carrier frequency
and the receiver’s detection frequency must be well-matched.
This is traditionally accomplished by employing a crystal
at both the transmitter and receiver to provide the same low
frequency reference. This reference frequency is multiplied
via a phase-locked loop (PLL) to generate the carrier wave.
However, the off-chip crystal contributes significantly to the
cost, size, and power consumption of such transceivers. The
cost is due to the external quartz crystals being more expensive
than the silicon used for the baseband signal processing as
well as the need to bond separate components. This problem is
especially acute in the design of highly integrated transceivers
for wireless sensor networks. The size of traditional low power
transceivers is largely due to the external crystal reference and
the interface between the crystal and the silicon integrated
circuit (IC). Additionally, the power consumption of low power
radios is dominated by the crystal referenced PLL. Therefore,
great savings in all three of these areas could be obtained by
eliminating the off-chip crystal and PLL.

Even when care is taken to ensure that all radios are tuned
and are attempting to communicate on the same frequency,
reliable communication is not guaranteed. Practical implemen-
tations of sensor networks are notorious for having unstable
links because narrowband communication is susceptible to
deep fades between nodes [17], [18]. Since it is not feasible to
overcome these fades by transmitting with more power (due
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to power-constraints), it has been proposed that randomized
algorithms be used to ensure reliable communication [19], [20].
These randomized algorithms exploit the broadcast nature of
wireless transmissions to provide reliable multi-hop communi-
cation. The key idea is for a transmitting node to send a beacon
to many potential forwarding nodes and then select one node to
be the next hop for the packet among those that respond to the
beacon. However, collisions among the responses to the beacon
as well as the time-varying quality of the communication chan-
nels (a channel may be good during the beaconing, but become
bad during the response and/or data transmission) contribute
significant overhead to such schemes.

This paper proposes a fundamentally different way of
designing and operating a transceiver. The quartz crystal is
eliminated and replaced by an on-chip resonator such as an
inductor—capacitor (LC)-circuit or a nanoelectromechanical
resonant structure. This makes it possible to economically
produce millions of nodes and densely deploy them by weaving
them into fabrics or mixing them with paint. The proposed
architecture allows a sensor node to be developed entirely
out of thin-film technologies (radio, digital, battery, energy
scavenging, and sensing). However, the drawback of such
architectures is that the variations in the manufacturing process
are large, resulting in untuned radios. Therefore, two narrow-
band radios produced by such a process are not likely to be
able to communicate with each other. To address this problem,
a low-complexity communication protocol is proposed that
makes use of the high density of nodes to ensure reliable com-
munication using such untuned radios even without the need
for handshaking protocols or re-transmission. By eliminating
the need for this kind of coordination, the protocol is also made
more robust to link failures, while the density that is made
possible by such low cost designs makes the network robust to
the failure of individual nodes.

A. Main Results

We consider using the nodes to form a communication
backplane carrying data between a source and a destination.
The data is transported in a multihop fashion by a network of
nodes that employ untuned narrowband radios. Let N denote
the number of unit-capacity channels available for communi-
cation. We show that by using random linear network coding,
achievable throughput of the network is ©(/N), same as in a
fully-coordinated network of tuned radios. Moreover, the ratio
of the achievable throughput of the untuned network to the
achievable throughput of a tuned network is shown to be close
to 1/e. In contrast, simple random routing (in which forwarding
nodes are only allowed to randomly select one of the packets to
forward, rather than combining the packets they receive to form
the output packet) has constant throughput, even as N grows.
In other words, when employing simple random routing, the
throughput per channel goes to zero as the number of available
channels grows.

This work uses network coding to leverage the fact that
throughput equal to the max-flow in a graph is achievable even
when the connectivity of the network is not known a priori.
However, the challenge here is in finding the max-flow of the
random graph corresponding to the network.
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Fig. 1. Signal bandwidth relative to process variation when using on-chip LC
resonators to provide the carrier frequency for narrowband radios. When using
an LC resonator without a crystal reference, it is not possible for a radio to know
exactly at what frequency it is operating.

II. UNTUNED RADIOS

The drawback of using an on-chip resonator is that the vari-
ations in the manufacturing process are large meaning that the
distribution of the resonant frequency of the manufactured os-
cillators will have large variance.

Fig. 1 presents a qualitative illustration of the challenges
presented by this approach. In a traditional narrow-band archi-
tecture with a quartz crystal reference, the signal bandwidth
is typically orders of magnitude larger than the center fre-
quency tolerance. When using untuned receivers, the situation
is reversed and the carrier frequency variation is orders of mag-
nitude greater than the signal bandwidth [21], [22]. To achieve
frequency tolerance approaching a quartz crystal, prohibitively
expensive trimming would have to take place. In addition,
drift over time, temperature, and supply voltage would quickly
render the trimming inaccurate. The other option is to leave
the transmitters and receivers untuned, which means that two
narrowband radios produced by such a process are not likely to
be able to communicate with each other. If the input frequency
range of a particular receiver did admit the transmitter’s carrier
frequency, the transmission would be received successfully.
Otherwise, the result would be the same as if the transmitter
were communicating on a channel orthogonal to the one that
the receiver is monitoring. This means that the unreliable man-
ufacturing process results in having multiple channels available
for communication but neither the transmitting nor receiving
nodes can select on which particular channel to communicate.
Instead, the channel on which a transmitter or receiver commu-
nicate are random.

Even though a particular transmit—receive pair may not be
able to communicate because they would be effectively tuned to
different channels, a sufficiently high density of nodes ensures a
high probability that there are pairs of transmitters and receivers
that can communicate with one another. The number of channels
available in the system is determined by the ratio of the varia-
tions of the manufacturing process to the receiver bandwidth. As
long as the bandwidth admitted by the receive filters is greater
than the signal bandwidth, there will be a nonzero probability
that two randomly selected nodes will be able to communicate
with each other.

In the rest of the paper, the abstraction of having multiple
channels available for communication is made. Note that it is
not necessary for the channels to be orthogonal (in fact, they
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are not!). What is important is the number of transmitter carrier
frequencies that fall within the bandwidth being monitored by
a particular receiver. The probability that any given transmitter
falls within the receiver’s range is dependent only on the ratio
of the range of possible carrier frequencies to the receiver band-
width. This ratio is equivalent to the number of channels in our
analysis because it is equal to the maximum number of inde-
pendent transmissions that can be made simultaneously without
interfering with one another.

To maximize the throughput of the network, it is necessary
to maximize the probability that a channel is occupied by ex-
actly one transmitter during communication. This will maxi-
mize the number of channels that contain a decodable transmis-
sion. It can be shown that when there are N channels available
for communication and each transmitter is independently and
randomly assigned to a channel with the same probability dis-
tribution, the probability that a channel is occupied by exactly
one transmitter is maximized when there are exactly N trans-
mitters and each transmitter is equally likely to be assigned to
any of the channels. In this case, the probability that a channel
contains exactly one transmission is asymptotically, for large NV,
equal to 1/e (the result is proven in Appendix A). This implies
that, in order to maximize the throughput, the network should
be operated with N active transmitters within communication
range of each other, in which case each transmission will expe-
rience a collision with probability 1 — 1/e.

Having N active transmitters within communication range
maximizes the probability that a receiver will have exactly one
transmitter in the range of frequencies it monitors; however,
it may still be possible that a transmitter occupies a unique
channel, but no receiver is tuned to that channel. In order to in-
crease the probability that a noncolliding transmission is heard
as well as the probability that a receiving node hears at least
one packet, each one is equipped with several receive radios,
with each radio tuned to a different channel (by using a different
LC-circuit as the local oscillator for each radio — this also allows
the nodes to transmit on different random channels at different
times by selecting any of its LC-circuits to provide the carrier
frequency for the transmitter).

Denote the number of receive-radios on each node with L.
In Section IV, we derive the relationship between the value of
L and the throughput of the network. We show that it is pos-
sible to achieve throughput that is linear in the number of chan-
nels even with a constant value of L. It is important to show
that this is achievable with a constant L because requiring L
to grow with the number of channels would correspond to re-
quiring more hardware on each node, and this is exactly what
we are trying to avoid. In order to give guidelines for practical
deployments, simulations are used to estimate the throughput
that can be achieved with practical values of L.

III. MULTIHOP COMMUNICATION

We consider using the nodes to form a communication back-
plane carrying data between a source and a destination. This sce-
nario is shown in Fig. 2. The source sends its data to the destina-
tion in a multihop fashion using geographic routing. The region
between the source and the destination is divided into blocks
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Fig. 2. Proposed multi-hop communication method. Nodes in each block
listen to L randomly selected frequency bands. If a node detects transmissions
from the previous block in any of those bands, it combines the inputs using
random linear network coding and broadcasts the result to the next block.

such that any two nodes in adjacent blocks are within commu-
nication range of each other. This allows the nodes to make use
of the broadcast nature of wireless communication by having
multiple potential forwarders for each transmission. In previous
works, the broadcast nature of the wireless channel is exploited
by using beaconing to establish a connection between a trans-
mitting node and a forwarder [19], [20], but in our scheme, the
transmitters simply broadcast their data and assume that at least
one node in the next block will receive and relay the packet.

In the proposed scheme, anytime a node transmits a packet, it
includes in the packet’s header the coordinates of the next block
toward the destination as well as the coordinates of the destina-
tion so that only nodes in the next block will relay the infor-
mation, again specifying the direction in which the data should
propagate. It is assumed that the nodes know their position [23]
to within the accuracy of one block.

The source has to send its data at the same time and in waves.
After sending one wave of data, it has to wait long enough for
that wave to propagate four blocks so as to ensure that the next
wave of data will not interfere with the forwarding transmis-
sions of the previous wave by the nodes in downstream blocks.
Note that if the blocks are made small enough so that nodes on
opposite ends of two adjacent blocks are within communication
range of one another (e.g., nodes A and B), there will be nodes
that are two blocks apart that will also be in each other’s com-
munication range (e.g., nodes C and D). Therefore, the source
must wait an amount of time it takes for the wave to propa-
gate four blocks before sending the next wave (e.g., the source
must wait for the first wave to clear Block 3 before sending the
second wave so that node C does not experience interference
from Block 3’s broadcast of the first wave). By having the source
send a wave of data simultaneously and the intermediate nodes
relay the wave as soon as they receive it, the network is made to
operate as a time-slotted communication system.

Sending the data in waves prevents collisions among broad-
casts from different blocks, however the fact that the transmit-
ters are untuned results in collisions by transmissions within the
same block. If every node in a block transmits on a random fre-
quency, it is likely that there will be transmissions at frequencies
close to each other, thus any receiver tuned to those frequencies
will detect a collision and will not be able to decode the indi-
vidual transmissions. These collisions effectively erase some of
the packets, making it seem as if nodes in neighboring blocks
communicate with each other through an erasure channel. The
question we are interested in is, given [V unit-capacity commu-
nication channels, how much data can simultaneously be sent
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to the destination and have this data successfully received and
decoded by the destination that is H hops away. For now, let us
assume that H is a constant, though later it will be shown that
H may be allowed to grow with N, as long as log(H(N))/N
goes to zero as N grows (i.e., as long as H grows at a rate that
is less than exponential in V), without affecting the asymptotic
throughput. We want to compare this to a fully-coordinated net-
work employing tuned radios, in which case exactly IV packets
could be sent in each wave, provided that there are N active
nodes in each block and every node selects a unique frequency
on which to communicate (even in the case of perfectly tuned
and coordinated radios, in order to avoid interference across
waves, new waves must be sent four time slots apart). Note that,
in order to have close to N nodes participating in communi-
cation in each block, either the nodes should be deployed with
even density throughout the network or they should be adap-
tively duty cycled [20] so that only /N nodes in each block are
active.

IV. THROUGHPUT

We will find the relative throughput of the untuned network
by showing that the connectivity of the network can be modeled
as a random graph and then applying known results from net-
work coding literature. Namely, we make use of the result that
for communication in a graph of unit capacity links for which
the connectivity is not known a priori, a throughput equal to the
max-flow between the source and the destination is achievable
with arbitrarily high probability by using random linear network
coding! over a high enough field size [24]. However, in order
to make use of this result, we must find the max-flow of the
graph. This is done by Result 1. Since the connectivity of this
random graph is not static (i.e., each wave of data will encounter
a different set of links), the packets have to carry the encoding
vectors in their headers to provide the destination with just the
right information needed to decode the source packets as in the
scheme introduced in [25].

We will show that the throughput with network coding is
linear in N over H(N) hops as long as log(H(N))/N goes
to zero as N grows (i.e., as long as the growth of H(N) is
subexponential in N). In contrast, simple random routing (in
which forwarding nodes are only allowed to randomly select
one of the packets from each wave to forward, rather than com-
bining the packets they receive in each wave to form the output
packet) has constant throughput over a number of hops that is
linear in N (i.e., the throughput per channel goes to zero as the
number of available channels grows). This result is proven in
Appendix B. In other words, random routing cannot provide
throughput that grows with N if the number of hops, H(N),
grows at least linearly with /V, while random network coding
allows for throughput that scales linearly with N, over a number
of hops, H(N), that can grow with N, as long as the growth is
less than exponential.

IIn random linear network coding, each forwarding node sends on each out-
going link a random linear combination of the packets it receives on the input
links. Each input packet is multiplied by a randomly chosen element from some
Galois Field and these products are added together to form the outgoing packet
[24].
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Fig. 3. Random graph representing connectivity in the network of nodes with
untuned radios. Each vertex (node) in columns {2, ... H } has L inputs, each
one coming from a randomly and uniformly selected node in the previous
column. Each node, along with its incoming and outgoing links, is deleted with
probability 1 — 1/e.

A. Random Graph Representation

We now create the random graph, shown in Fig. 3, that models
the connectivity of the network. The N vertices in each column
correspond to the N nodes in each block during communica-
tion. The H columns correspond to communicating over H
blocks (for ease of notation, we first consider the case when H
is constant, rather than a function of V). Each of the vertices
in columns {2, ..., H} has L incoming links corresponding to
the L receivers on each node. Each link connects a vertex to a
randomly, independently chosen vertex in the previous column.
Since transmissions experience collisions with probability 1 —
1/e, each of the vertices in the graph is deleted with probability
1 — 1/e, corresponding to a collision on the channel on which
the node transmits its packet.2 When a vertex is deleted, all of its
incoming and outgoing links are also deleted. This means that
each of the links is deleted with probability 1 — 1/e because
each receive-radio has probability 1 — 1/e of being tuned to a
frequency range that does not contain a decodable transmission
(i.e., either no transmission or more than one). The links that are
not deleted are equally likely to connect to any of the vertices
in the previous column that are not deleted because, given that
a receive-radio has exactly one transmission in its receive fre-
quency range, the source of that transmission is equally likely
to be any of the transmitters that do not experience a collision.

We label the resulting random graph as Gz, ;_1/. and show
that the max-flow of G ;_1/. is close to N/e if L is large
enough.

B. Max-Flow of Random Graph

Result 1: For any constant /3 such that § < 1/e there exists
a constant number of inputs/node L such that the max-flow of
G'1,1-1/c 1s greater than 3 - N with high probability as N goes
to infinity.

The proof of Result 1 will proceed as follows.

* The first step is to relate the likelihood of having many
disjoint end-to-end (E2E) paths to the likelihood of having
at least one path E2E. This relationship is established in
Lemma 1.

2In the random graph, the vertices are deleted independently of one another.
This is not the case in the network since the collisions are not independent;
however, this approximation becomes accurate as N tends to infinity. The inde-
pendence assumption allows for analytical tractability in what follows.
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* The second step is to derive an upper bound on the proba-
bility that no paths exist E2E. This is done in Lemma 2.

* Finally, using the relationship established in Lemma 1 and
the upper bound derived in Lemma 2, we can find an upper
bound on the probability not having (3 - N paths E2E, and
show that it decays exponentially with V.

We define the following notation. Let A be the set of graphs
that have at least one path E2E and let A, be the set of graphs
having the following property: starting with any graph in A,., the
deletion of any r vertices will still result in a graph belonging to
the set A. This is equivalent to saying that any graph in A, has
at least r + 1 vertex-disjoint paths E2E.

Lemma 1: Let r be a positive integer. Then

PGy ¢ A) < (q—2

PG A 1
) PGt ) )

foreach) < p, <p; <1.Here,q1 =1 —p;and ga = 1 — po,
and G'r, ;, is a random graph in which each vertex originally has
L incoming links and the vertices are deleted with probability
p, as described in Section IV-A.

Proof of Lemma 1: This proof is based on the proof in
[26] of a similar result from Percolation Theory. Let X; ; Vi €
{1,...,N}and j € {1,..., H} be i.i.d. random variables uni-
formly distributed in the interval [0, 1], and to each vertex in
row ¢ and column j of the grid assign the value X; ;. To create
graphs G, ,,, and G, ,, that have vertices deleted with proba-
bility p; and p» respectively, do the following: first assign the
values X; ; to each vertex in the grid. Then assign L links from
each node in columns 2 through H to a randomly selected node
in the previous column. Finally, to create graph Gy, ,,, , for each
vertex i, j, delete it iff X; ; < p;. To create graph G, ,,, for
each vertex i, j, delete it iff X; ; < po.

We are interested in relating the likelihood that G ,, € A,
to the likelihood that G, ,, € A. Note thatif G ,, ¢ A,, then
there must be a set of vertices, B, such that

a) aone of the vertices in the set B are deleted in Gz p,;

b) |B| <

c) the graph G, ,, obtained by deleting from G, ,,, the ver-

tices in B satisfies Gr, ,, ¢ A.

There may exist many such sets B, in which case it is suffi-
cient to pick any such set. Suppose that Gr, ,,, ¢ A, and that
every vertex 1, j in the set B satisfies p» < X; ; < p;. It then
follows from c) that G, ,, ¢ A. Conditional on B, there is a
[(p1 = p2) / (1= p2)]""" = (42 = a1) /q2) ™! probability that
p2 < X; ; < p1 for all vertices in B; therefore

P(Grp, ¢ AlGLy, & Ar) > <Q2q——2(]1> . 2)

Applying Bayes’s theorem and the fact that
P (GL,pl ¢ AN GL,pz ¢ AT) <P (GLJ)I ¢ A)

gives the result of Lemma 1. O

This result of Lemma 1 is particularly useful if we can show
that the probability that that G, ,, ¢ A decays exponentially
(with V) to zero for some p;. In other words, we wish to show
that P (G, ¢ A) < e~ NVe(P1:L) We are also interested in the

2653

rate of this exponential decay, « (p1, L), which depends on both
p1 and L. By showing that P (G, ,, ¢ A) < e~ No1,L) e
can rewrite the result of Lemma 1 as

a2
P(Gp,, ¢ Ar) <
(Gt )< (2
and apply » = (3 - N to show that the probability of not having
(- N (actually 8- N + 1) paths decays to zero exponentially as
long as

) e~ Na(p1,L) 3)

[3<a(p1,L)/log<q2q_2q1>. @)

The problem now becomes finding an appropriate bound on
P (GLapl ¢ A)
Lemma 2: If L (1 —p;1) > 1, then

P(Grpy ¢ A)<H-P(Y <(1-Z")N)
where Y is a random variable drawn from the

Binomial (N7 1—p1+(1—p1) Z*L>

distribution and Z* = [L (1 — py)]"/¢ ™).

Lemma 2 allows us to relate the probability that no E2E path
exists in G’z p, to the probability that a binomially distributed
random variable deviates from its expected value by an amount
proportional to N. Since this probability decays to zero expo-
nentially in NV, this result, along with Lemma 1 will allow us to
prove that the number of vertex-disjoint paths in G, p, will be
linear in IV with high probability. The constant, /3, of this linear
relationship will depend on the value of L. Note that 3 also de-
pends on the value p;; however, the value p; is not fundamental
to the graph G, ,,,, and we are allowed to assign any value to
p1, as long as it is larger than ps, so as to maximize the bound
on J guaranteed by Lemma 1 and Lemma 2.

Also note that the condition that L (1 — p;) > 1is imposed to
ensure that 1 — Z* > 0. It can be shown that if L (1 — py) > 1,
then G ,, € A with high probability, otherwise G, ,, ¢ A
with high probability. However, in our case it is not enough
to show that G ,, € A with high probability for appropriate
values of L and p;. We must also bound the rate of this con-
vergence, using Lemma 2, in order to apply Lemma 1 to our
original problem (showing that the max flow of G, ,,, grows
linearly with V).

The proof of Lemma 2 will proceed as follows.

* Consider the number of vertices in each column of Gz, p,
that were not deleted and have a path back to column 1.
We call these “good” vertices.

* We set a threshold and consider the probability that the
number of good vertices in a column ever falls below this
threshold. This probability is an upper bound on the prob-
ability of having no paths end to end.

* We show that the probability that the number of good ver-
tices in column j falls below the threshold, given that
the number of good vertices in column 7 — 1 is on or
above the threshold, is upper bounded by the probability
that the number of good vertices in column j falls below
the threshold, given that the number of good vertices in
column j — 1 is exactly on the threshold.
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* This probability is then shown to be equal to the proba-
bility that a binomially distributed random variable devi-
ates from its mean by some amount proportional to V.
Proof of Lemma 2: Consider the number of vertices in
each column of Gy ,, that were not deleted and have a path
back to column 1. Let us call these vertices “good” and all the
others “bad.” Conditioned on the number of bad (good) vertices
in column 7, vertices in column j + 1 are themselves good or
bad independently of each other and with equal probability. Let
the number of bad vertices in column j be Z - N for some Z
that satisfies 0 < Z < 1. Then vertices in column j + 1 are
themselves bad with probability p; + (1 — p1) ZT.

Consider the probability that the number of bad nodes in
column j + 1 is greater than Z - N, given that the number of
bad nodes in column j is Z - N. If p; + (1 —p1) ZL < Z,
this probability should be exponentially small in N. This proba-
bility is minimized when the difference Z — (p1 +(l—-p1)Z L)
is greatest. Setting the first derivative of this function, which is
convex in the interval [0, 1), to zero shows that the expression
is maximized when Z = [L(1 — pl)]1/<1_L) — we label this
value as Z*. We prove Lemma 2 by arguing that P (G ,, ¢ A)
is upper bounded by the probability that the number of bad ver-
tices in any column is greater than Z*, given that the number of
bad vertices in column 1 is less than Z*N.

Let R; represent the ratio of bad nodes to the total number of
nodes in column j (i.e., the total number of bad nodes in column
jisRj- N).Grp, ¢ Aisequivalent to Ry = 1. Note that if
R; = 1forsome j € [1,H), then R, = 1Vk € [j+ 1, H]
because if column j has no connectivity back to column 1, then
none of the columns after j will have connectivity to column
1 either. We prove Lemma 2 by arguing that P (G, ¢ A) is
equal to the probability that there exists a j € [1, H] for which
R; = 1, and this is upper bounded by the probability that there
exists a j € [1, H| for which R; > Z*. Mathematically

P(Gryp, ¢ A)
<Pg,, (3j €[L,H] st.R; > Z")

< IDGL_p11 (R1 > Z*)

H
+ZPGL7P1(RJI>Z*|RJ'—1SZ*)
j=2
< PGL,I,1 (R1 > Z*)
H
+ Z PGL.pl(RJ->Z*|Rj_1:Z*)
Jj=2

Y Po,, (Ry>2Z")+ (H—-1)-P(Y < (1- Z*)N)

(o)
<H-P(Y < (1-Z%)N) (®)]
where Y is a random variable drawn from the
L
Binomial (N, 1 [p1 F(1—p1) 2" ])

distribution. (a) is due to the union bound. (b) is because, given
R;_1 = Z*, each vertex in column j is bad with probability
p1 4 (1= p1) Z*". (c) is because each vertex in column 1 is
bad with probability p;, which is less than the probability that a
vertex in column j is bad, conditioned on 2;_; = Z*. O
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Proof of Result 1: Now, we must find the rate at which
PY<(1-Z*)N)=P(Y/N <1-2%)

decays to zero and apply this to Lemma 1 to show that the
number of vertex-disjoint paths in G, grows linearly with V.
Applying the Chernoff bound [27] to P (Y/N < 1 — Z*) gives
us an appropriate upper bound on this rate. We use the following
notation: g = 1 — [py + (1 — p1) Z*F]ande = g — 1 + Z* to
write [27]:

P(Y/N <1—2Z*)

—Ng—9) —N(—q+e9
q—e¢ 1—q+e
=P(¢—Y/N <|— _— .
(@=v/ >€)_<q> (1—q>
(6)

The right-hand side of the equation can also be expressed as

q—e —N(qg—¢) l—q+e —N(1—q+e)
exp IOg p ﬁ

(N
giving us

—_e\) s _ (1—g+e)
=[5 7 (55 7 w

as the « (p1, L) we need to plug into (4). Evaluating (4) with
a large enough but constant value for L and appropriately
chosen value for p; provides the guarantee that the max-flow of
Gri-1/cisatleast 3- N forany 3 < 1/e, proving Result 1. O]

The throughput guaranteed by Result 1 is not dependent on H
because we held H constant while letting NV go to infinity. How-
ever, (5) implies that H may grow with NV without affecting the
throughput result as long as log(H(N))/N goes to zero as N
grows (i.e., as long as the rate of growth of H is less than expo-
nential in V), because all we need is for P (G, ,, ¢ A) to decay
exponentially with V at such a rate that the right-hand side of (3)
decays exponentially with N. Since P (Y/N < 1 — Z*) decays
exponentially with IV, (5) tells us that so does P (G p, ¢ A)
as long as log(H(N))/N goes to zero as N grows. Even if H
grows exponentially with IV, the throughput would still be linear
in N, as long as the rate of this exponential growth were less
than 1/e (i.e., as long as log(H(N))/N < 1/e). The exponen-
tial growth of H (V) would just reduce the constant of the linear
throughput of the network by reducing the value of « (p1, L) in
(3) and (4). We can restate this result as a corollary to Result 1:

Corollary 1: For any constant 3 such that 3 < 1/e, and
number of hops H(N) such that 5 > log(H(N))/N, there ex-
ists a constant number of inputs/node L such that the max-flow
of Gp1_1/. is greater than N - (3 —log(H (N))/N) with high
probability as N goes to infinity.

Note that the Result 1 is proven using bounding techniques,
so it is not tight. For example, for L = 10, the result proves that
the throughput is guaranteed to be at least 2%, whereas simu-
lations show that L = 10 is good enough to give throughput
of 30%. Fig. 4 shows the simulation results. A network with
N = 1000 nodes per block and H = 1000 blocks was simu-
lated. The figure shows the average throughput at various values
of inputs/node, L. One thousand simulations were run for each
value of L.
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Fig. 4. Simulation results showing the ratio of the throughput achievable with
untuned radios and network coding to the throughput of a perfectly tuned and
synchronized network, as a function of the number of inputs per node for 1000
channels and 1000 nodes per block.

This max-flow result, together with the random network
coding result of [24] tells us that each wave of data can deliver
nearly N/e packets from the sources to the destination, com-
pared to N packets that could be transported in each wave if
the network were composed of nodes with tuned radios and
perfect coordination.

In practical deployments, having about 10 radios per node
would be realistic. In this case, the theoretical results tell us that
a throughput of only 0.02 - N can be guaranteed. However, sim-
ulations show that a throughput of 0.3 - N can be expected. This
is a good trade-off for many applications in which the demand
on bandwidth is not as strict as the demand for low-cost nodes
that can operate at power levels comparable to the power levels
that can be supplied by the energy scavenging mechanisms.

V. CONCLUSION

This paper shows how network coding can be used to achieve
high throughput in an ad-hoc wireless network of nodes with un-
tuned radios. This coding technique makes it possible to build
ultralow-cost and low-power devices, and deploy a high-perfor-
mance network of unreliable nodes by utilizing randomized al-
gorithms and high density of such nodes.

APPENDIX A

Consider placing k balls into n bins such that each ball ran-
domly selects a bin in which to be placed independently of all
other balls, and all of the random selections are made using
the same probability mass function (pmf). Given the number of
bins, n, we wish to find the number of balls, k, and the pmf such
that the expected number of bins containing exactly one ball is
maximized.

Result 2: The expected number of bins containing exactly
one ball is maximized when the number of balls is equal to the
number of bins and each ball is equally likely to select any of
the bins. In this case, the expected number of bins containing
exactly one ball, in the limit as n grows to infinity, is n/e.

Proof: We first write the expression for the expected
number of bins containing exactly one ball using b; to denote
the event that bin 7 contains exactly one ball, p; to denote
the probability that any given ball chooses bin ¢, and 1 {-} to
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denote the indicator function, which takes on the value 1 if the
expression in the braces is true and the value 0 otherwise.

3106 = e o)
= ZP[bi]

E

1=1
= Z (;ﬁ) pi(1—p)
=1
=kY pi(1—p)" ©)
=1

(10)

Let us first find the value of p; that maximizes each of the
summands in (10). Solving for:

0= ip(l —p)kil =

dp
1-p) ' =(k-1)p-1-p"? D

gives 1/k as a local maximum of the summands in (10). This
value also gives the global maximum in the range [0, 1] be-
cause the function has a strictly positive first derivative in the
range [0, 1/k) and a strictly negative first derivative in the range
(1/k,1).

Since the value of p; in the range [0, 1] that individually max-
imizes each of the summands of (10) is 1/k, the overall sum is
maximized when p; = 1/kVi € {1,...,n} (i.e., each of the
balls is equally likely to be in any of the bins). However, due to
the constraint that the p;’s form a valid pmf (i.e., Z?’:l pi = 1),
this is only possible when k& = n. Therefore, the expected
number of bins containing exactly one ball is maximized when
the number of balls is equal to the number of bins and each ball
is equally likely to be placed in any of the bins.

The expected number of bins containing exactly one ball can
be computed as

B pi (1= p)* ™ = > pi (1 - iy
=1 1=1

—n " (1/n) (1= 1/n)" "

=n-(1-1/n)"". (12)

Since lim (1 —1/n)" = 1/e, the expression in (12) asymp-

totically goes to n/e as n grows large. O
APPENDIX B

To analyze the throughput of a routing scheme in which the
output of each intermediate node is simply a copy of one of
its inputs (the node randomly selects which of the inputs to
forward), rather than a function of all of the inputs, consider
the random graph that corresponds to this routing scheme. The
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Fig.5. Random graph representing connectivity when only routing is allowed.
Each vertex in columns {2, ..., H} connects to one randomly chosen vertex in
the previous column.

connectivity of the network is still the same and can be rep-
resented by Fig. 3; however, because each intermediate node
only forward a packet from a randomly selected input link, the
graph must be modified to reflect this. Because only one of the
incoming packets is forwarded, the information coming in on
the other links is not propagated; therefore, those links can be
deleted from the graph without altering the throughput. In other
words, starting with the graph in Fig. 3, for each vertex that is
not deleted and has at least one incoming link (i.e., at least one
of the original L incoming links was connected to a surviving
vertex in the previous column), randomly chose one of those
incoming links to keep and delete all the others. Which link is
kept at each vertex is chosen uniformly and independently from
the other vertices. The problem then becomes finding the end to
end max-flow of the resulting graph.

To make the problem more analytically tractable, we con-
sider the bounding case in which none of the vertices in the
graph are deleted. In this case, the random graph simply con-
sists of vertices in an N x H grid with each vertex in columns
{2, ..., H} connecting to only one randomly selected (with uni-
form probability) vertex in the previous column. An instance
of this random graph is shown in Fig. 5. Since deleting ver-
tices (along with the links associated with those vertices) can
only decrease the max-flow of a graph, any upper bound on the
max-flow from column 1 to column H is also an upper bound
on the max-flow of the same graph in which certain vertices are
deleted (remember that the performance of a routing scheme in
which only forwarding is allowed corresponds to the max-flow
of the graph in Fig. 5 with each vertex deleted with probability
1—1/e).

To find the max-flow of this graph, consider a particular
vertex in Column 1. Let us label this vertex as vertex A, as
shown in Fig. 5. Consider the number of vertices in columns
{2,..., H} that have a connection back to vertex A (note that,
since each vertex has only one incoming link, each one has a
connection to only one vertex in the first column). Since each
vertex randomly and independently connects to a vertex in
the previous column, the number of vertices in each column
that connect back to vertex A only depends on the number of
vertices in the previous column that connect to A; therefore,
the number of vertices in each column with a connection back
to A forms a Markov chain. The transition probability matrix
P of this Markov chain has the form

P,

i = <ZJV> <%)J <NJ\?Z~>N—]'

13)
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TABLE 1

EXPECTED THROUGHPUT OF ROUTING OVER H STEPS
N H=N H=10N

100 2.304 1.0001

400 2.351 1.0001

700 2.359 1.0001

1000 2.362 1.0001

2000 2.362 1.0001

The throughput over NV steps remains constant, even as N grows. Over 10V
steps, only one packet can be sent end-to end with routing, even if no collisions
occur.

for i,j € {0,...,N}. Here P, ; gives the probability that j
vertices of a column have a connection back to A given that ¢
vertices in the previous column have a connection back to A.

This Markov chain has two absorbing states 0 and N, while
all the others are transient. Therefore, the chain is guaranteed
eventually to be absorbed in one of these two states. Since the
number of descendents of each vertex in column 1 forms a
Markov chain with the same transition probability matrix and
the number of descendents of each of these vertices has to add
up to IV, eventually all but one of the chains will be absorbed in
the zero state, while one of the chains will be absorbed in state
N. In other words, eventually there will be a column in which
all of the vertices connect back to the same vertex of column 1,
and all subsequent columns will likewise only connect back to
that vertex.

Indeed, row 1 (corresponding to starting in state 1, with
only one vertex connecting back to A) of P> has the form
[1—1/N,0,...,0,1/N]. P75 gives the probability of starting
in state + and ending in state j after infinitely many steps. Row 1
of P°° shows that any vertex in column 1 will eventually either
have no descendents (this happens with probability 1 —1/N) or
all of the vertices in later columns will be its descendents (this
happens with probability 1/N). This means that, as H goes to
infinity, the max-flow of the graph will be 1.

But what happens over a finite number of steps? The expected
max-flow over H steps is given by:

N - P(given vertex has descendents after H steps
=N-(1-Pf). 14

The problem is that the closed-form expression for P¥ is un-
manageably elaborate; therefore, we rely on a computer to eval-
uate it for some values of NV and H. Table I shows the expected
max-flow between column 1 and column H for various values
of N in the graph corresponding to a scheme that only allows
routing at intermediate nodes and in the case when no collisions
occur (i.e., no vertices are deleted from the graph). As can be
seen from the table, the performance of a routing-only scheme
allows for a constant throughput over N hops, while network
coding allows for throughput that is linear in N over H hops as
long as log(H(N))/N goes to zero as N grows (i.e., as long as
the rate of growth of H is less than exponential in V).
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